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Abstract

Cornell-ERL-06-1

The total current that can be accelerated in an Energy Recovery Linear Accelerator (ERL) can be limited
by the transverse recirculating beam-breakup instabilit y (BBU). A one-dimensional analysis of BBU is possible
if the transverse optics does not couple vertical (y) and horizontal (x) oscillations and the higher-order dipole
modes (HOMs) of the accelerating cavities are unpolarized or all polarized in the y and x directions. However,
the threshold current can be increased if a totally coupled optics is used. In such an optics, beam oscillations in
x during the �rst pass through the linac are converted into y oscillations for the secondpass,and vice versa.

Here we analyze how much the BBU threshold current can be increased by using polarized HOMs and a
coupled optics for the x-ray ERL being designed at Cornell Univ ersity. This analysis will show: (a) how many
HOMs have to be considered in the simulation of threshold currents, (b) by how much the threshold current is
increased if there is a frequency spread between HOMs of the more than 300 cavities of the x-ray ERL and how
much frequency spread is su�cien t, (c) by how much the threshold current is increasedby using polarized modes
and a coupled optics and by how much x and y HOM frequencieshave to be separated, (d) by how much does
the threshold current increase if a frequency spread as well as polarized modes with coupled optics are used, (f )
how the simulated threshold currents are distributed for a random distribution of HOM frequencies.

1 In tro duction

In an Energy Recovery Linac the electron beam goesthrough the RF cavities more than once. Each electron bunch
�rst passesthe linac's cavities for its acceleration, and after a return loop it enters the linac a secondtime for the
bunch's deceleration. When the beam returns to the samelinac for acceleration several times and then is brought
back for deceleration several times, one refers to a multi-turn ERL. However, here we will analyze the single-turn
ERL that is being planned at Cornell University wherea 100mA beamis to be acceleratedup to an energyof 5GeV,
at which it is usedto generatehighly-brillian t x-ray beams.

The return of the electron beam for a secondpass through the linac can incur the transverse beam-breakup
instabilit y. A simpli�ed picture for BBU is the following: when an electron bunch getsa transversekick by HOMs in
a cavit y, it will return to this cavit y during its secondpassthrough the linac with a transversedisplacement, which
may pump more energy into the HOMs. If HOMs get enhancedby the bunch on its secondpass,they may kick the
next bunch even harder. When the current becomesso large that more energy is transfered into a HOM by bunches
than is taken out by HOM couplers, the HOM power will start to grow exponentially . This processwill eventually
causea lossof the beam.

If we assumethat HOMs behave independently and do not interfere with each other, we can get an approximate
formula of the threshold current in the presenceof a single higher order mode [1, 2, 3],
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where (R=Q) � is the shunt impedance,Q� is the quality factor, � � is the polarization angle from the x direction, ! �

is the HOM frequencyand t r is the bunch return time, e is the elementary charge and the matrix T describe how a
transversemomentum is transported to a transversedisplacement after one turn. From this formula we can seethat
a small Q� or (R=Q) � can increasethe threshold current. A small Q� indicates a short damping time. Therefore
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Table 1: The four dominant transverseHOMs for the 7-cell ERL cavit y in the circuit de�nition.
f � (GHz) Q� (R=Q) � [
 =m2] (R=Q) � [
]

1 1.87394 20912.4 84409.3 109.60
2 1.88173 13186.1 21629.3 27.85
3 1.86137 4967.8 54402.9 71.59
4 2.57966 1434.2 157821 108.13

Table 2: The threshold current for unpolarized modeswithout frequencyspread.
Coupled? I th [mA]

mode 1 mode 1,2 mode 1-3 mode 1-4
no 25.8 25.8 25.8 25.8
yes 28.8 28.8 28.8 28.8

the HOMs are damped fast and a large current is required to deposit enoughenergy into the HOMs to disturb the
beam motion. Thus the cavit y should be made so that only the fundamental mode has a very high Q value and all
other HOMs have low Q values. In addition to small Qs we can also adjust the lattice to have a small T �

12. But
this approach doesnot always work when there are many cavities becauseit is not always possibleto minimize T �

12
for every cavit y simultaneously. One example where this is possible is the caseof polarized cavities with a fully
coupled optics. There we arrange all modes either in x (� � = 0) or in y direction (� � = �

2 ), which includes the
caseof unpolarized HOMs for which � � can be chosenarbitrarily . And we couple the x component of a transverse
momentum into a y o�sets after one turn (T12 = 0) and vice verse(T34 = 0). For all cavities this leads to T �

12 = 0,
so that Eq. (1) clearly doesnot hold. Formulas that also hold in this caseare analyzed in [3].

In the following simulations we usethe Q valuesand shunt impedancesthat werecomputed for unpolarized 7-cell
cavities of the TESLA type [4]. It is not expected that thesevalueschangevery much when the cavit y is changedto
a polarized design,however this is currently being analyzedand will be reported in a future paper.

There are di�eren t conventions in the de�nition of (R=Q) � . In the linac de�nition (R=Q) � is twice as large as
that in the circuit de�nition. We consistently use the circuit de�nition. Furthermore (R=Q) � is sometimesde�ned
with units of 
 =m2, and sometimeswith units of 
. The conversion betweenthe two is given by

�
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[
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In Tab. 1 both units are shown, but in all subsequent tables we only show values in 
 =m2.

2 Tracking Results

2.1 Unp olarized HOMs without HOM-frequency spread

Table 2 shows what threshold current can be expected for the x-ray ERL if unpolarized HOMs are used which do
not have any frequency spread for the more than 300 cavities. This result demonstratesthat a coupled optics does
not increasethe threshold current signi�cantly when the HOMs are not polarized. All 4 modesof Tab. 1 were used
in this simulation. It turns out that using fewer modes does not change the simulation result signi�cantly in this
case,which only requires a simulation in the x direction. Sincethis acceleratorshould accelerate100mA, it is clear
that meansof suppressingBBU is required.

2.2 Unp olarized HOMs with HOM-frequency spread

One strategy to increasethe threshold current for a long linac is to avoid that contributions to BBU from di�eren t
cavities add up coherently . This can be doneby intro ducing a random distribution of HOM frequenciesby fabricating
each cavit y slightly di�eren tly , asfor exampleanalyzedin [5]. In our simulations we randomizedthe HOM frequencies
according to a Gaussiandistribution with an rms width � f . The � f usually rangesfrom 1MHz to 10MHz. Di�eren t
seedsof of the random distribution of HOM frequenciesleadsto di�eren t threshold currents. The resulting random
distribution of threshold currents hasthe rms width � I which wecalculateby simulating 500di�eren t seeds.Examples
of threshold distributions are shown later one in this paper.
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Table 3: The threshold current for unpolarized modeswith frequencyspread.
� f [MHz] � f [MHz] I th � � I [mA]

mode 1 mode 1-2 mode 1-3 mode 1-4
0 10 427:7 � 71:1 422:1 � 70:7 418:1 � 68:2 405:5 � 68:2

Table 3 shows the results for the x-ERL. We have chosena rms frequency spread of 10MHz and have used the
HOMs of Tab. 1. The comparison of simulations with 1, 2, 3 and 4 modes shows that a limited number of modes
are su�cien t for this simulation. Later in this paper we describe a study of the required frequencyspreadand show
why 10MHz has beenchosenhere.

In order to simulate the randomization of the HOM's frequencies,we usea Gaussiandistribution function with
desiredfrequencyspreadwidth � . The problem with this approach is the unignorable statistical 
uctuations due to
the limited number of HOMs. As we can seein Fig. 1, two simulations scanningthe samerange of frequencyspread
give totally di�eren t curvesfor two di�eren t seedsof the random frequencydistribution.
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Figure 1: The threshold current as a function of frequency spread for two examplesof random seedsfor the HOM
frequencydistribution.

But this 
uctuation can be diminished by calculating the threshold current for the samefrequencyspreadmany
times, in our simulation 500 times, and �nd the average threshold current, as well as its distribution and rms
spread. Fig. 2 shows that the averagethreshold currents and the width of the threshold current distributions form
smooth curves. We can concludefrom thesecurvesthat a 10MHz frequencyspreadis reasonablebecausethe average
threshold current starts to saturate at this frequencyspread.
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Figure 2: The threshold current and its standard deviation v.s. frequencyspread

Table 4 shows how the threshold current dependson frequency spread. Only the �rst HOM of Tab. 1 was used
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Table 4: Threshold current for di�eren t rms frequencyspread� f .
� f (MHz) �I th (mA) � I

0 25.84 0.0
0.25 101.98 16.13
0.5 153.66 24.43
1.0 216.35 37.81
1.5 260.52 41.34
2 294.97 50.94
4 383.62 68.00
6 449.14 82.60
8 470.76 93.11
10 505.05 94.90
12 526.35 102.69
14 543.37 93.50
16 558.84 111.29
18 568.10 108.18
20 582.16 107.29
22 580.88 103.37
24 608.19 104.72
26 605.88 109.58
28 606.48 108.42
30 620.58 104.56
32 616.16 101.64

in these simulations. The standard deviations of the threshold current distribution were obtains as the root mean
squareof the distribution shown in Fig. 3.

The distribution of frequenciesfor the simulation with 4 modes in Tab. 3 is shown in Fig. 4.

2.3 Polarized HOMs without HOM-frequency spread

A HOM with a polarization angle � � can only kick the beam in that direction. In a circular symmetric cavit y, a
HOM can kick in any direction. This situation can be described as a linear combination of two degenerateHOMs
with frequency ! x = ! y , one being polarized in x the other in y direction.

By manipulating the shape of the RF cavit y we can lift the degeneracyand obtain di�eren t frequenciesfor the
x and y direction. Then one way to raise the threshold current is to intro duce x=y coupling into the lattice. If the
HOMs in x and y direction have di�eren t frequencies,the beam motion will have di�eren t characteristic frequencies
in thesetwo directions. Therefore the kick from the HOMs in x direction will be lessdestructive if we can manipulate
the lattice so that this momentum change will causea displacement in y direction instead of in x direction when
the bunch returns to the samecavit y. Since the frequency of the x and y modesare di�eren t, the beam oscillation
in x produced during the �rst turn doesnot have the correct frequency to excite the y mode resonantly during the
secondpass.

Since Eq. (1) leads for this casehas T �
12 = 0, an extremely large threshold current would be expected when

di�eren t HOMs can be consideredindependently . It has thus been argued (for example in [6]) that a separation
of HOM frequenciesby more than their resonancewidth, i.e. a few MHz, would make modes independent and
extremely large threshold currents can be expected. Our simulations prove otherwise. Even for extremely large
mode separation of 60MHz, the threshold current only increasedby only about a factor of four, which meansthe
two modescouple to each other and cannot be treated separately even with very signi�cantly di�eren t frequencies.
A theoretical explanation of this e�ect can be found in [3].

If we usethe four main modesand separatex and y polarization modesby 60MHz as shown in Tab. 5, we obtain
the data listed in Tab. 6. Later in this paper we will describe a study of the required frequencyseparation and show
why 60MHz hasbeenusedhere. Our simulation with 2, 4, 6 and 8 modesshow that using a limited number of modes
for this simulation should be su�cien t.

In the simpli�ed theory that leadsto Eq. (1), we know that a large Q� will lead to a small threshold current. If we
apply full x=y coupling and usepolarized modes,T �

12 = 0 and this formula is not applicable, however the e�ciency
of the x=y coupling method in increasingthe threshold current is still determined by Q� .
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Figure 3: The threshold current's distribution for di�eren t frequencyspreads: in the order from top right to bottom
left 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28MHz.

Table 5: The eight most relevant polarized HOM modes.
f � (GHz) Q� (R=Q) � [
 =m2] � �

f 1 1.87394 20912.4 84409.3 0
f 2 1.81394 20912.4 84409.3 � =2
f 3 1.88173 13186.1 21629.3 0
f 4 1.82173 13186.1 21629.3 � =2
f 5 1.86137 4967.8 54402.9 0
f 6 1.80137 4967.8 54402.9 � =2
f 7 2.57966 1434.2 157821 0
f 8 2.51966 1434.2 157821 � =2

Table 6: The threshold current for polarized modeswithout frequencyspread.
� f [MHz] � f [MHz] I th [mA]

mode 1,2 mode 1-4 mode 1-6 mode 1-8
60 0 125.7 122.7 118.9 117.6
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Figure 4: The threshold current's distribution for the decoupledlattice with 10MHz frequencyspread

In [3] it is derived that with

K � = etb
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� � =
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2Q�

an approximation that assumestwo modeswith equivalent ( R
Q ) and Q in onecavit y and with small coupling, i.e. for

T �
12 6= 0, leadsto

I th = �
� �

K �

1
D �� sin ! � t r

D �� sin ! � t r < 0 :

For strong coupling, i.e. for T �
12 6= 0, one obtains

I 2
th � =

2� �

K � K �

cos! � tb � cos! � tb

D12D21 cos ! � t b

2 sin ! n ut b
2 sin2! � t r

:

So for two modeswith similar Q� , (R=Q) � , and ! � , the ratio of the threshold current with and without coupled
optics is proportional to

p
1=� � �

p
Q� . While this is a very rough approximation of a linac with more than 300

cavities, each having much more than 2 HOMs, Tab. 7 and Fig. 5 show that the advantage of intro ducing coupling
into the lattice will get smaller with lower Qs, roughly with

p
Q.

In order to study the e�ect of frequencyseparation on the threshold current alone, we usemode 1 of Tab. 5 and
vary the frequencyof mode 2 from 1.77394GHzto 1.97394GHz.No frequencyspread is applied in this case.

In Fig. 6 one can seethat the threshold current saturates at about � 30MHz frequency separation. Without
frequencyspreadthe threshold current is very sensitive to the frequencydi�erence of the two polarized modeswhen
a fully coupled lattice is used. But even when the two HOM frequenciesare very far separated,the threshold current
is only increasedby about a factor of �v e.

2.4 Polarized HOMs with HOM-frequency spread

The simulations with polarized modesand a coupled optics have lead to an increasein threshold current by about a
factor of 4, and the intro duction of a 10MHz HOM frequencyspreadhas increasedthat current by about a factor of
20. Here we will show how much the threshold current is increasedwhen both measuresare taken simultaneously.
Whenever we apply a frequency spread in our simulation, we make sure that the frequency separation of x and y
polarized HOMs is more than 6� f . Therefore the frequenciesof the two modes are well separatedand the coupled
lattice works e�ectiv ely under condition.
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Table 7: The advantage of polarized modeswith coupling as a function of Q.
Q

p
Q I dc(mA) Decoupled I c(mA) Coupled I c=Idc

4900 70 109.1 365.46 3.350
6400 80 83.55 289.85 3.469
8100 90 66.07 236.25 3.576
10000 100 53.56 196.56 3.670
12100 110 44.39 166.31 3.746
14400 120 37.37 142.68 3.818
16900 130 31.84 123.87 3.890
19600 140 27.51 108.63 3.949
20912 144.6 25.80 102.56 3.975
22500 150 24.01 96.09 4.002
25600 160 21.14 85.66 4.052
28900 170 18.77 76.87 4.095
32400 180 16.76 69.40 4.141
36100 190 15.07 62.99 4.180
40000 200 13.62 57.45 4.218
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Table 8: The threshold current for polarized modeswith frequencyspread.
� f [MHz] � f I th � � I [mA]

mode 1,2 mode 1-4 mode 1-6 mode 1-8
60MHz 10MHz 2419:5 � 432:0 2227:0 � 380:0 1923:2 � 317:0 1881:3 � 297:0
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Figure 6: The e�ect of the di�erence betweenthe two HOM frequencies
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The results for the x-ray ERL are shown in Tab. 8.
The distribution of frequenciesfor the simulation with 8 modes is shown in Fig. 7.
Figure 8 shows a comparison of the threshold currents and the width of their distribution for the for cases:(a)

no frequency spreadand no coupled optics, (b) frequency spreadof 10MHz but no coupled optics, (c) no frequency
spread but a coupled optics with polarized modes of 60MHz frequency separation, (d) 10MHz frequency spread as
well as 60MHz frequencyseparation.
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Figure 8: The threshold currents and their distribution for the following combinations of mode frequencyseparation
� f and frequencyspread� f : (a) 0, 0, (b) 0, 10MHz, (c) 60MHz, 0, (d) 10MHz, 60MHz.

Since a frequency spread increasesthe threshold current by about a factor of 20 whereascoupling with mode
polarization yields only about a factor 5, one can conclude that the interferencebetween di�eren t cavities is more
destructive than the interference between the HOM modes in di�eren t orientations. Thus the critical part is to
intro duce frequency spread among the HOM frequencieson top of using polarized modes. This leads an increase
of the threshold current by about a factor of 100, indicating that the e�ects of frequency separation and frequency
spreadare nearly independent from each other.

To analyze what mode separation is needed,we simulated the threshold current under a frequency spread of
� f = 10MHz by averaging over 500 random seedsof HOM frequencies.The result in Fig. 9 shows that a frequency
separationof about 60MHz is bene�cial, and that separationsbelow 25MHz do not lead to signi�cant improvements.
The lower curve includes four HOMs while the oneabove it includes the two main HOMs. We concludethat the two
main HOMs are paramount in determining the threshold current.

2.5 Study on the in
uence of the phase advance on the threshold curren t

By adjusting the phaseadvancesof the x and y beta function we can changethe elements in the transfer matrix T .
Therefore we can �nd a pair of phaseadvancesto optimize the threshold current. In Fig. 10 we can seethat the
maximum threshold current we can get by adjusting the phaseadvancesis about 150mA for the x-ray ERL when no
frequencyspreadbut mode polarization is used. This has to be comparedto the 125:7mA listed in Tab. 6, indicating
the the betatron phaseis not a strongly e�ectiv e variable to optimize the threshold current in the x-ray ERL.

2.6 A note on lattice changes

The tracking results that have beenpresented sofar have beencomputedwith a linac lattice that hasbeensuperseded
by a new design. To illustrate how changing the linac lattice can in
uence the threshold current, we show the results
of a few simulations that were done with the new linac lattice.

The threshold currents are shown in Tab. 9 and the threshold current distribution is shown in Fig. 11.
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Figure 10: Threshold current v.s. x and y betatron phaseadvancesof without frequency spreadbut with coupling
and mode separation of 60MHz.

Table 9: The threshold current for unpolarized modeswithout frequencyspread.
Coupling? � f [MHz] � f [MHz] I th [mA]

mode 1-2 mode 1-4 mode 1-6 mode 1-8
no 0 0 21.9 21.9 21.9 21.9
yes 60 0 95.9 94.0 90.1 90.2
yes 60 10 2076� 341 1900� 290 1623� 244 1591� 223
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Figure 11: The threshold current's distribution for the new linac lattice with 10MHz frequency spread,mode sepa-
ration of 60MHz, coupling and with 2, 4, 6, and 8 modes in the order from top left to bottom right.
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